Massless Charged Particles Tunneling Radiation from a RN-dS Horizon and
  the Linear and Quadratic GUP by Vagenas, Elias C. et al.
Massless Charged Particles Tunneling Radiation from a RN-dS Horizon
and the Linear and Quadratic GUP
Elias C. Vagenas,1, j Ahmed Farag Ali,2, Y Mohammed Hemeda,3,h and Hassan Alshal4, 5,ý
1Theoretical Physics Group, Department of Physics,
Kuwait University, P.O. Box 5969, Safat 13060, Kuwait.
2Department of Physics, Faculty of Science, Benha University, Benha, 13518, Egypt.
3Department of Mathematics, Faculty of Science, Ain Shams University, 11566, Cairo, Egypt.
4Department of Physics, Faculty of Science, Cairo University, Giza, 12613, Egypt.
5Department of Physics, University of Miami, Coral Gables, FL 33146, USA.
ABSTRACT
In this paper, we investigate the massless Reissner-Nordstrom de Sitter metric in the context of
minimal length scenarios. We prove not only the confinement of the energy density of massless
charged particles, both fermions and bosons, but also their ability to tunnel through the cosmological
horizon. These massless particles might be interacting with Dirac sea and in this case they will
appear outside the cosmological horizon in the context of dS/CFT holography. This result may
formulate a fundamental reason for the expansion of the Dirac sea. Therefore, a spacetime big
crunch may occur.
I. INTRODUCTION
The existence of a minimum measurable length which has been predicted by various quantum gravity theories,
such as perturbative string theory and black hole physics, opened the gate to modify the standard Heisenberg
Uncertainty Principle (HUP) into the so-called Generalized Uncertainty Principle (GUP) [1–8]. Similar mod-
ification has been predicted by Doubly Special Relativity (DSR) theories [9–11]. Based on a series of papers
[12–20], extra linear and quadratic terms in momentum were introduced to the HUP, henceforth, named Linear
and Quadratic GUP (LQGUP), in the form of
∆x ≥ ~
(
1
∆p − α+ 4α
2 ∆p
)
, (1)
where α = α0`p/~ and `p =
√
G~/c3 = ~/mpc. Consequently, the commutation relations which are compatible
with String Theory, DSR, and consistent with the commutators of phase space coordinates [xi, xj ] = [pi, pj ] = 0
(via Jacobi Identity) take the form [14]
[xi, pj ] = i~
[
δij − α
(
δij p+
pipj
p
)
+ α2
(
δij p
2 + 3pipj
)]
(2)
which, for the case i = j, can be written as
[xˆ, pˆ] = i~
(
1− 2αp+ 4α2p2) . (3)
Being motivated by the new findings in a series of papers by the authors [21–23], and, especially, by the
existence of massless charged particles and a naked singularity in a massless Reissner-Nordström-de Sitter-like
(RNdS) spacetime in the context of LQGUP, we are interested in studying the tunneling phenomena through
the cosmological horizon of the RNdS spacetime. The massless black holes are of physical importance. They
appear in the presence of tachyonic fields [24]. In addition, they appear as a remedy for conifold singularities
of the moduli space with the vacua of type-II string theories, known as the massless charged Ramond-Ramond
black holes [25]. This type of black holes emerges when extremal black holes become massless. Furthermore,
there is another type of 4D massless black holes that corresponds to supersymmetric black holes with BPS
solutions of effective string vacua that become massless [26]. This last type corresponds to massless diholes
[28] under the condition that supersymmetry is unbroken since Penrose cosmic censorship is not applicable to
microscopic objects, and it is supersymmetry that will act as a cosmic censor for the naked singularity of the
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2microscopic objects [29, 30].
The importance of the positive cosmological constant in the metric of RNdS spacetime comes from the fact
that such term makes the spacetime highly dynamical, especially for the diholes and the multi-black hole
solutions of the Einstein-Maxwell equation [31]. Such system in a de Sitter background is restricted to be an
extremal black hole as long as there are massive particles in the vicinity of the system, i.e., the black hole
would practice a quasistatic discharge. Meanwhile, if there exists at least one very light, or even massless,
charged particle, then the black hole becomes superextremal, i.e., the black hole would practice an adiabatic
discharge until a Big Crunch takes place and the singularity becomes naked 1 [32]. It is conjectured in Ref. [32]
that such light charged particles are forbidden to exist due to the weak gravity conjecture that is associated
with the Penrose cosmic censorship. This conjecture is proposed to resolve an apparent conundrum in the
very recently proposed universal relation between extremality and entropy [34] in which extremal “parental”
black holes are allowed to split, ad infinitum, into superextremal and subextremal “siblings” [35]. Since the
weak gravity conjecture is directly related to the second law of thermodynamics [36], and as we proved that
within the LQGUP framework the existence of massless charged particles is not contradicted with the second
law of thermodynamics [22], then we are still allowed to study the massless RNdS spacetime as the ultimate
superextremal charged black hole. In particular, we are interested in studying the tunneling of the massless
charged particles from the massless RNdS found in Ref. [22] in order to answer an old question about how a
hypothetical observer outside of the cosmological horizon would realize the tunneling according to the dS/CFT
holography [37] despite the fact that the question originally aimed at the tunneling in extremal black holes [38].
The rest of the paper is organized as follows. We mainly follow the analysis of Ref. [39] to see how to study
the tunneling of massless charged particles from the cosmological horizon of the massless RNdS spacetime. In
particular, we utilize the analysis of Ref. [39] in order to avoid dealing with a fractional Laplacian that would
have appeared if we combined the standard tunneling approach [40, 41] with LQGUP rather than the more
conventional quadratic GUP [42–45]. Despite the difficulties in the mathematical computations, this proposed
way is applicable to study the tunneling for any other black hole spacetime within the context of LQGUP. In
section II, in the context of LQGUP we study the effect of the corresponding weight factor on the de Broglie wave
length of tunneling fields. In section III, we comment on how the LQGUP introduces an effective gravitational
field strength in Colella, Overhauser and Werner experiment. Then, we use the results found in the previous two
sections to “weigh” photons in a thought experiment such that we relate the photon momentum to the effective
Newton constant, as in Ref. [39]. In section IV, we calculate the tidal force corresponding to the massless
RNdS spacetime in order to obtain the characteristic momentum related to the effective Newton’s constant. In
section V, we propose a general methodology for calculating the tunneling through the cosmological horizon
of the massless RNdS spacetime within the framework of LQGUP. The principle of wave-particle duality and
the heuristic methodology we adopt for the tunneling from massless RNdS spacetime stay the same for the
tunneling out of any black hole within the context of LQGUP. We face some difficulties in calculating this
particular tunneling out of the massless RNdS within the context of LQGUP despite the fact that the principle
is correct. Therefore, in section VI we consider studying the effect of the LQGUP, in the massless RNdS
spacetime, on the tunneling of spin fields. Finally, in section VII we comment on the relationship between the
previous findings and the question about how a hypothetical observer outside of the cosmological horizon would
recognize the tunneling phenomena through the cosmological horizon.
II. LQGUP-MODIFIED WAVE-PARTICLE DUALITY
In Ref. [39], the authors adopt the quadratic GUP so the momentum wavefunction, and, consequently, the de
Broglie wavelength is deduced from the HUP commutation relation. The adopted method follows the inverse
proportionality between the distance and the energy ∆x ∼ 1/∆E [6]. As we adopt here the LQGUP, we need
to consider a new weight factor from the commutation relation given by Eq. (3) in order to calculate the the
wavelength. So, when D=1
[xˆ, pˆ] = i~
(
1− 2αp+ 4α2p2) = i~ z(p) . (4)
In the case of the quadratic GUP, in order a lower bound on the measurable length to be ensured, the average
value of its z = z(p) was obtained utilizing the quantity 1/(1 + βp2) as a weight factor [46]. For the case of the
LQGUP, the weight factor will be, up to O(α2), [23]
1(
1− αp+ 32α2p2
)2 ≈ 1(1− 2αp+ 4α2p2) = 1z(p) . (5)
1Compare the “shark fin” in Figure 1 of Ref. [32] with the reflected one in Figure 14 of Ref. [33].
3Hence, the average value of z = z(p) becomes
∆x ≥ z~∆p ≥ `p , (6)
which confirms spacetime discreteness [14, 47, 48]. In order to find the relationship between the wavelength
and the momentum in the context of LQGUP, the analysis of the Hilbert space representation as followed in
the context of quadratic GUP [46] needs to be replaced with another similar analysis in order to work for the
case of LQGUP.
In the momentum space, the eigenvalue problem for the position operator in the context of LQGUP reads
i~
(
1− 2αp+ 4α2p2) ∂pψλ(p) = λψλ(p) (7)
with the corresponding eigenvectors to be of the form
ψλ(p) = C exp
−iλ tan−1
(
4αp−1√
3
)
~
√
3α
 (8)
and the normalization factor, i.e., C, to satisfy the condtion
1 = 2 ||C||2
ˆ ∞
1
4α
dp
1− 2αp+ 4α2p2 = ||C||
2 pi√
3α
. (9)
Hence, the final normalized eigenvectors are of the form
ψλ(p) =
√√
3α
pi
exp
−iλ tan−1
(
4αp−1√
3
)
~
√
3α
 , (10)
and the wavelengths as functions of the momentum to read
λ = 2pi~
√
3α
tan−1
[
4αp−1√
3
] . (11)
It should be pointed out that Eq. (11) is very similar to Eq. (5) in Ref. [39], where our α = α0`p, while their
`2pα is equal to the parameter β in Ref. [46]. We can check that Eq. (11) satisfies the following relation
d
dp
(
2pi
λ
)
=
√
3
4
~−1
α
z−1(p) . (12)
The last result, namely Eq. (12), confirms that from hereon our approach and calculations should follow those
in Ref. [39], and the LQGUP is not fundamentally different from the quadratic GUP 2. Yet, we still need to
repeat the calculations in Ref. [39] within the context of LQGUP rather than quadratic GUP as the quadratic
GUP was claimed to prohibit the formation of the massless RNdS [49], which is not the case within the context
of LQGUP [22]. In addition, the last result can be explained as a differential equation dk
dpˆ
= ~−1z−1 , where
kˆ = k(pˆ) is a function of the momentum operator, in the same way it is explained in Ref. [39]. However, we
replace the z(p) of the quadratic GUP with our z(p) for the case of LQGUP as given in Eq. (5). At the end,
the momentum eigenstate is the same as ψp = exp(ikx).
It is worth noting that in comparison with the arctan function in Eq. (10), earlier attempts to introduce linear
GUP [50] are associated with an arcsinh function as in the Eq. (8) in Ref. [51]. The linear GUP is endowed
with a weight factor like that appears in one of the very early attempts to introduce a quantum gravity theory
in 1938 by Max Born [52] (see Eq. (7) therein). The point is that for different uncertainty principle physics,
whether it is HUP or any kind of the GUP, the wavelength λ also varies depending on the weight factor we
apply. However, the eigenfunctions of LQGUP are closer to ones of the quadratic GUP than to the ones of the
linear GUP, which is expected from the convergent behavior in both quadratic GUP and LQGUP in Ref. [23].
2Cf. Figure 1 in Ref. [23].
4III. COW PHASE SHIFT AND WEIGHING PHOTONS
The quantum pattern of two neutron beams induced by gravity is discussed by Colella, Overhauser, and Werner
(COW) [53]. A nice summary of the phase shift between the two beams associated with COW analysis is
presented in Ref. [39]. The phase shift is a linear function of the gravitational acceleration. Heuristically, the
same phase shift is also a function of the change of wave number with respect to the momentum. Therefore, we
can relate the gravitational acceleration to the previous result in Eq. (12), where in our case the z(p) is that of
LQGUP. Therefore, the phase shift becomes
∆φ′ ≈ l dk
dp
∆p
= ~−1z−1l∆p
(13)
where l is the horizontal path of the beam that is perpendicular to the gravitational acceleration. At the same
time, the conservation of energy and the equation between potential and kinetic energy imply that the phase
shift becomes
∆φ′ = mgyl
z~v
= mg
′A
~v
, (14)
where v is the beam velocity, g′ = g/z, A = yl, and y is the beam path parallel to the gravitational acceleration.
In the context of HUP, z = 1 and, hence, Eq. (14) returns to ∆φ = mgA
~v
, which matches with earlier result
expected from the conventional quantum theory without considering strong gravitational effects.
As in the previous findings of ∆φ and Eq. (14), the gravitationally corrected phase shift is almost the same
as that of the HUP, except for the a momentum-dependent factor z, which is a function of the momentum
in the presence of the strong gravity. This z(p) suggests replacing g with a corrected g′ = g/z(p) due to the
GUP effect, whether its linear, quadratic or LQGUP, on COW experiment. The experiment itself becomes
equivalent to how the propagation of those two neutron beams in a strong gravitational field is characterized
by an effective gravitational field strength g′. Consequently, this demands a modification for the Newton
constant, i.e., fromG toG′, in the context of LQGUP, after we choose its corresponding z(p), as we will see below.
The COW experiment suggests replacing the conventional gravitational field strength with the effective one.
Considering the Bohr’s critical comments [54] on the neglected time dilation in Einstein’s gedanken experiment
for weighing photons, together with Garay’s approach [6], the uncertainty in mass due to the uncertainty in
position which is perpendicular to gravitational acceleration and equal to l = ∆x, is given by
∆m∆x ≥ ~z(p)
gt
, (15)
where t denotes the time to weigh the photon. This suggests that uncertainty in energy of the photon is bounded
below by
∆E ≥ zc
2~
gt∆x =
c2~
g′t∆x .
(16)
Comparing the above equation with ∆E ≥ c
2~
gt∆x , the COW experiment confirms the necessity of replacing g
by g′ .
In summary, the COW experiment and the gedanken experiment of weighing the photon suggest that in the
context of LQGUP the motion of the neutron beam can be considered as a “classical” motion under a regular
gravitational field characterized by an effective field strength g′. Both experiments are equivalent as the the effect
of LQGUP is not distinguishable from the effective gravitational field strength. Therefore, we can introduce
another effective physical quantity G′ as the effective Newton constant. This corollary comes as the effective
field strength is
g′ = g/z = GM
zR2
= G
′M
R2
(17)
where R is the radius of the gravity source, and G′ = G/z as in Ref. [55]. The next step is to restrict our
analysis to z(p) ≡ zLQGUP.
It is noteworthy that the COW experiment has been discussed within some newly introduced DSR-GUP regime
[56]. Despite the fact that it is different from the LQGUP regime we adopt here, it agrees with our analysis
5that the effective Newton constant is characterized by the weight factor corresponding to the chosen GUP.
Furthermore, it agrees with our result in section II that the wavelength is a tan or arctan function of the
momentum. This is because the DSR-GUP, introduced in Ref. [57], is in fact a function of p and p2 similar
to the LQGUP. Here, we work in the context of LQGUP because in this context the massless RNdS spacetime
is consistent with the second law of thermodynamics. Moreover, we are interested in studying the tunneling
through the cosmological horizon of the massless RNdS spacetime as presented in the next sections.
IV. GRAVITATIONAL TIDAL FORCE AND THE CHARACTERISTIC MOMENTUM
Now we consider the massless charged particles throughout the massless RNdS-like spacetime whose metric is
given by
ds2 = −
(
1 + Q
2
r2
− Λr
2
3
)
c2dt2 +
(
1 + Q
2
r2
− Λr
2
3
)−1
dr2 + r2dΩ (18)
where Λ = 8pi Gc2 ρvac is the cosmological constant in the standard HUP, and ρvac is the vacuum density. However,
in LQGUP, this Λ becomes Λ′ = 8piG′c2 ρvac with G′ = G/zLQGUP. Thus, the massless charged RNdS-like
spacetime metric within LQGUP will take the following form
ds2 = −
(
1 + Q
2
r2
− Λ
′r2
3
)
c2dt2 +
(
1 + Q
2
r2
− Λ
′r2
3
)−1
dr2 + r2dΩ , (19)
with the corresponding LQGUP-modified Hawking temperature to be of the form [22]
T ′H =
(β + α)−√(β − α)2 − 16α2
8α2
= 2
(β + α)−√(β − α)2 − 16α2 .
(20)
As in Ref. [39], the momentum ∆p associated with tidal force in curved spacetime is characterized by the
Riemann tensor Rρλµν [58]. One of the non-vanishing independent components of the Riemann tensor, along
the tangent uµ, in any spherically symmetric spacetime, including the massless RNdS spacetime, is given by
[58, 59]
fr = Rrtrtuturut =
1
9r6
(
3r2 − Λr4 + 3Q2) (9Q2 − Λr4)
=
(
1 + Q
2
r2
− Λ3 r
2
)(
3Q2
r4
− Λ3
)
= grrh(Λ, Q, r) .
(21)
Thus, its covariant form reads
fr = h(Λ, Q, r) =
3Q2
r4
− Λ3 . (22)
For a pair of virtual particles with energy ∆E and separated by a distance ∆x with ∆t as the life-time of the
virtual particles, the uncertainty in the momentum due to the tidal force is
∆p = F∆t = h(Λ, Q, r)∆E
c2
∆t∆x . (23)
Therefore, the geodesic deviation equation, derived from Riemann tensor, defines the tidal force as
F = h(Λ, Q, r)∆E
c2
∆x . (24)
When the virtual particles experience enough tidal force and become real, the physical observability requires
∆p∆x ≥ ~, ∆E∆t ≥ ~. Thus, we infer from Eq. (23) and Eq. (22) that
(∆p)2 ≥ ~∆p∆x =
~F
∆x∆t
= ~
c2
∆E∆t
(
3Q2
r4
− Λ3
)
.
(25)
6The last inequality suggests the existence of a characteristic momentum as
∆pm ≈
√
3Q2
r4
− Λ3 .
(26)
Now we see how the minimal momentum of the realized particles, produced from the quantum fields in the
massless RNdS spacetime, defines the characteristic scale of the system. Thus, Eq. (25) yields the momentum
uncertainty of the real particles, which can be observed by a photon with energy ∆E,
∆p˜ ≥
√(
3Q2
r4
− Λ3
)
~2
c2
, (27)
where 3Q2/r4 > Λ/3 and the energy-time uncertainty is considered.
Next we employ the identified characteristic scale in Eq. (25) to obtain an effective Newton constant as
G′ = G
1− 2α~ ∆p˜+ 4α
2
~2 ∆p˜2
. (28)
We emphasize that the last result is true for any other static spherically symmetric spacetime. Therefore, it is
enough to find the specific correction factor h = h(M,Q, J,Λ, r), determined by the black hole characteristic
“hairs”, for the spacetime under study.
V. QUANTUM TUNNELING OF MASSLESS CHARGED PARTICLES
We recall the metric of the massless charged particles throughout RNdS-like spacetime given by Eq. (19) and
express it in the form 3 [22]
ds2 = − (1 + Φ(r)) dt2 + (1 + Φ(r))−1 dr2 + r2dΩ2 (29)
where
Φ(r) = Q
2(Λ′, rc)
r2
− Λ
′
3 r
2 (30)
and
Λ′ = ρvac G
′
3 =
ρvac G
3
[
1− 2α
(
3Q2
r4 − Λ3
)1/2
+ 4α2
(
3Q2
r4 − Λ3
)] . (31)
Here we use Λ ∼ ρvac, where Q2(Λ′, rc) and rc(Λ′) can be obtained from Ref. [22] as
Q2(Λ′, rc) =
Λ′r4c
3 − r
2
c , (32)
and
rc =
( pi
4αΛ
)
+
√( pi
4αΛ
)2
+ 3Λ .
(33)
In order to get the horizon, we need to set grr = 0 and, thus, so we obtain
1 + Φ(r) = 0 . (34)
At this point, it should be stressed that in order our system to have a naked singularity, the charge Q(Λ′, rc)
has to use for the cosmological constant the value Λ′ as given in Eq. (31), and the value for the rc as given in
Eq. (33). It is evident that Φ(r) has a very complicated mathematical form and, thus, an analytic solution of
Eq. (34) is not easily obtained.
3In this section physical quantities are in Planck units, G = ~ = c = 1.
7The tunneling probability of the black hole radiation through the horizon is determined by the imaginary part
of the action [41, 60]. This probability is restricted by the change in the Bekenstein-Hawking entropy at the
WKB approximation. The tunneling probability is given by
Γ ∼ r
2
i
r2f
exp[−2 Im(S0 − Si)] (35)
where ri is the initial radius of the black hole at the beginning of tunneling process, and rf the final radius of
tunneling. The quantity (S0−Si) is the action for a particle tunneling through the cosmological horizon from ri
to rf . Therefore, to evaluate the emission rate of the spacetime, we use the Painleve type coordinate as [41, 61]
τ = t+
ˆ √−Φ
1 + Φdr .
(36)
Then, the metric given in Eq. (29) can be rewritten as
ds2 = −(1 + Φ(r))dτ2 + 2
√
−Φ(r)drdτ + dr2 + r2dΩ . (37)
Interestingly, Eq. (25) of Ref. [62], for massive RN, is the same with Eq. (37). Moreover, there is no coordinate
singularity as there is no event horizon. However, the massless RNdS has a geometric naked singularity.
Therefore, massless RNdS spacetime is appropriate for the tunneling of the massless charged particles through
the cosmological horizon. When ds2 = 0 = dΩ, one can obtain the radial null geodesics as
r˙ = dr
dτ
= 1−
√
−Φ(r) . (38)
Now one may try to obtain the radial momentum as
pr =
ˆ
dM
1−√−Φ(r) = 18pi
ˆ −kcdAc − V dΛ
1−√−Φ(r) , (39)
where dM ∼ −kcdAc − V dΛ as in Ref. [22]. Unfortunately it is also hard to solve, and S =
´
prdr is even
harder to be computed. Therefore, we have to follow a different approach.
VI. TUNNELING OF MASSLESS CHARGED PARTICLES AS SPIN FIELDS
We need to check which spins are allowed to tunnel through such system, i.e., the massless RNdS spacetime.
In Ref. [63–66], the equations of motion for massive and massless fermions as well as bosons are considered.
Here, we consider only the massless fields, with B = (1 + Q
2
r2 − Λ3 r2). In the massless RNdS spacetime, the mass
terms tend to zero, so Eq. (10) in Ref. [63] becomes
ρ = −1
r
, γ = −3Q
2 − Λr4
6r3 , µ = −
3r2 + 3Q2 − Λr4
6r3 , α = −β = −
cot θ
2
√
2r
, Ψ2 =
Q2
r4
(40)
where ρ, γ, µ, α and β are the spin coefficients that are obtained from the Ricci rotation coefficient, and Ψ2 is
the second Weyl-Newman-Penrose scalar obtained from Weyl tensor. Eq. (40) shows that the RNdS metric is of
Petrov type D. In principle, there is nothing that prohibits considering the tunneling of massless Fronsdal-Fang
fields with arbitrary spins [67, 68]. But due to the Vasiliev conjecture [69, 70], we restrict the calculations of
the tunneling to the fields with lower spins. In the massless RNdS spacetime, the field equations of the Weyl
neutrino (s = 12 ), electromagnetic (s = 1), massless Rarita-Schwinger (s =
3
2 ) and gravitational (s = 2) fields
can be combined into
{[D − (2s− 1)+ ¯− 2sρ− ρ¯](∆− 2sγ + µ)
− [δ + p¯i − α¯− (2s− 1)β − 2sτ ](δ¯ + pi − 2sα)
− (2s− 1)(s− 1)Ψ2}Φ+s = 0 ,
(41)
{[∆ + (2s− 1)γ − γ¯ + 2sµ+ µ¯](D + 2s− ρ)
− [δ¯ − τ¯ + β¯ + (2s− 1)α+ 2spi](δ − τ + 2sβ)
− (2s− 1)(s− 1)Ψ2}Φ−s = 0
(42)
where D = lµ∂µ, ∆ = nµ∂µ, δ = mµ∂µ are the directional covariant derivative operators for each null tetrad
direction. Here the first equation, i.e., Eq. (41), is for spin states $ = s and the second equation, i.e., (42), is for
8$ = −s. The mode functions of these spin fields around the RNdS black hole, Φ$ = exp[−iEt+ iS$(r, θ, φ)],
can be written at the WKB level using Eq. (40), Eq. (41), and Eq. (42) as
E2
B
−BP 2r −
1
r2
P 2θ −
1
r2 sin2 θ
(Pφ +$ cos θ)2 + η(r,$) = 0 (43)
where Pµ = ∂µS$ are the conjugate momenta and
η(r,$) = −23Λ [$(2$ + 3) + 1] +
$
r2
+ s−$
r4
[
3− 2s
3 Λr
4 + r2 + (2s− 1)Q2
]
(44)
where $ = ±s. From Eq. (43), we can obtain the 3-momentum of a free massless particle as
E2 = −B(P 2 + η) . (45)
This is before the GUP correction, where P 2 =
[
3Q2
r4 − Λ3
]
is the momentum obtained from tidal force.
To get ELQGUP, we use
ELQGUP ≥ E(1− 2αP + 4α2P 2) (46)
where E is given in Eq. (45) as in Ref. [71]. In that paper, the authors recognize LQGUP, but they use only
the quadratic GUP. Therefore, once we find ELQGUP for every massless kind of fermions and bosons, we can
use Eq. (26) of Ref. [71] to obtain
ΓLQGUP ∼ exp(2 Im(IG)) = exp
(
4piELQGUP
B′(rc)
)
(47)
where rc is location of the cosmological horizon.
The solutions for Eq. (46) in the different spin cases s = 0,±1,±2,± 12 ,± 32 and for $ = ±s can be obtained
after we combine Eq. (43), Eq. (44), and Eq. (45). Below we provide the graphs for the different combinations
of spin s and $ of ELQGUP. In all spin cases, the corresponding energy solutions are hard to be expressed
analytically. However, we can graphically represent them in Fig. 1, 2, 3, 4, 5. All the graphs are plotted at
fixed α = 1. For the scalar fields (s = 0), we notice in the 2D Fig. 1a that the highest ELQGUP is obtained
when Λ is maximum and Q is minimum. For the fermionic massless fields, we notice that Fig. 2c, 2d and Fig.
4c, 4d show E2LQGUP has negative values. This means that for the cases $ = −(s = 12 ) and $ = −(s = 32 ) the
fermionic massless fields do not tunnel out of the horizon. Similarly, we have restriction on the tunneling of the
case $ = −(s = 1) of bosonic massless fields as we notice from Fig. 3c and 3d. However, the bosonic massless
$ = −(s = 2) fields are not plagued with those negative E2LQGUP. By comparing the maximum value of each
diagram (e,f,g,h) in each Figure, we see that the higher the spin, the higher the tunneling energy.
VII. REMARKS AND CONCLUSION
In this work, we mainly followed the methodology of Ref. [39] and we succeeded to avoid dealing with a fractional
Laplacian that would have appeared if we combined the standard tunneling approach in the context of LQGUP.
Despite the difficulties in the mathematical computations that we encountered at the end, our proposed method
for the calculations is applicable to study the tunneling for any other black hole in the context of LQGUP. In
section II, we studied the LQGUP and the effect of the corresponding weight factor on the de Broglie wavelength
of the tunneling fields. In section III, we commented on how the LQGUP introduces an effective gravitational
field strength in COW experiment. Then, we used the results found in the previous two sections to “weigh”
photons in the Einstein-Bohr thought experiment, and we could relate the photon momentum to the effective
Newton constant, as in Ref. [39]. In section IV, we calculated the tidal force corresponding to the massless
RNdS spacetime to get the characteristic momentum related to the effective Newton’s constant. In section V,
we proposed to employ the general methodology of calculating the tunneling through the cosmological horizon
of the massless RNdS spacetime in the framework of LQGUP. The principle of wave-particle duality and the
heuristic methodology we adopted for the tunneling in the massless RNdS spacetime stay the same for the
tunneling out of any black hole in the context of LQGUP. In section VI, due to the mathematical difficulties
in calculating this specific tunneling in the context of the LQGUP, we considered studying the effect of the
LQGUP on the massless RNdS spacetime in the presence of tunneling spin fields. In brief, we investigated
the effect of minimal length on RNdS-like spacetime. We found that GUP stimulates a tunneling of massless
charged particles which could give a fundamental reason for the expansion of Dirac sea associated with a big
crunch. The effect of GUP could be understood as a dark energy effect that accounts for the negative pressure
in the universe and, hence, its continuous expansion. We hope to extend our results to cosmological models in
the future.
9We did not consider the massless spin fields s > 2 following the Vasiliev conjecture [69, 70] in dS/CFT
[72] which builds a “tower” of massive fields for s > 2 on top of the massless ones with s ≤ 2. The massive
Singh-Hagen fields [73, 74], their dual Curtright fields [75], and the massless Fronsdal-Fang fields [67, 68] are
chargeless in general. Our study here might be considered as a hint for a future study on higher-spin massless
charged fields in some black hole spacetimes as well as in cosmological models. The reason is that assuming the
validity of the Vasiliev conjecture, the higher-spin massless particles may later suffer symmetry breaking and,
hence, they become massive. One may wonder how it is possible to have a “charged” gravitational (s = 2) field.
In fact, de Rham et al [77] proposed a ghost-free interaction theory of massive charged spin-2 fields. This can
be a clue for future study to link our massless spin-2 fields with the massive ones. Perhaps our massless charged
spin-2 field suffers a symmetry breaking so that it becomes later a de Rham et al massive charged spin-2 field.
But what we care more is that our analysis of the massless RNdS spacetime emphasizes and corroborates
Medved’s analysis [38] of how a hypothetical observer outside of the cosmological horizon would realize the
tunneling on the underlying dS/CFT holography of the entire space. The special thing about the massless
RNdS spacetime tunneling is the corresponding big crunch that is expected to happen with such system as we
presented in the introduction of this work. Moreover, the quanta radiated through the cosmological horizon are
massless, charged, and spinful, i.e., they should correspond to some conformal symmetry related to Fronsdal
and Fang massless, i.e., gauge-invariant, fields in the de Sitter background [76]. Therefore, we cannot avoid
Medved’s demand that the observer needs to be “specially” capable of globally observing the entire spacetime
under study which is experiencing the big crunch.
As in Medved’s analysis [38], the special observer (entity?) outside of the horizon detects the massless fields
with negative energy tunneling outwards. The positive-energy counterpart of the massless fields stays behind
the cosmological horizon and effectively increases the energy content of the background spacetime during the
big crunch. In our case, the effective geometry is described in section V, see Eq. (30). The effective Newton’s
constant corrects the cosmological constant in such a way that it plays the same role with the effective mass
ω in Medved analysis. Therefore, Eq. (37) is the metric for the “topological” massless RNdS spacetime. This
agrees also with the fact that such spacetime system must have a naked singularity, which is what we proved
before. Finally, we second Medved’s statement : “. . . It is quite possible that there are deep connections between
semi-classical thermodynamics and de Sitter holography that await to be uncovered. We hope to report progress
along these lines at a future date. . . . ”.
0.5 1.0 1.5 2.0 2.5 3.0
r
0.2
0.4
0.6
0.8
ELQGUP
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(a) ELQGUP against r for different Q,Λ at α = 1. (b) Q = α = 1,Λ varies.
(c) r = α = 1, Λ and Q vary. (d) Λ = α = 1, Q varies.
Figure 1: Tunneling energy ELQGUP for $ = s = 0 scalar fields.
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(a) $ = s = 12 ,Λ = 1. (b) $ = s =
1
2 , Q = 1.
(c) $ = −(s = 12 ),Λ = 1. (d) $ = −(s = 12 ), Q = 1.
(e) $ = s = − 12 ,Λ = 1. (f) $ = s = − 12 , Q = 1.
(g) $ = −(s = − 12 ),Λ = 1. (h) $ = −(s = − 12 ), Q = 1.
Figure 2: Tunneling energy ELQGUP for $ = ±(s = ± 12 ) fermionic massless fields.
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(a) $ = s = 1,Λ = 1. (b) $ = s = 1, Q = 1.
(c) $ = −(s = 1),Λ = 1. (d) $ = −(s = 1), Q = 1.
(e) $ = s = −1,Λ = 1. (f) $ = s = −1, Q = 1.
(g) $ = −(s = −1),Λ = 1. (h) $ = −(s = −1), Q = 1.
Figure 3: Tunneling energy ELQGUP for $ = ±(s = ±1) bosonic massless fields.
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(a) $ = s = 32 ,Λ = 1. (b) $ = s =
3
2 , Q = 1.
(c) $ = −(s = 32 ),Λ = 1. (d) $ = −(s = 32 ), Q = 1.
(e) $ = s = − 32 ,Λ = 1. (f) $ = s = − 32 , Q = 1.
(g) $ = −(s = − 32 ),Λ = 1. (h) $ = −(s = − 32 ), Q = 1.
Figure 4: Tunneling energy ELQGUP for $ = ±(s = ± 32 ) fermionic massless fields.
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(a) $ = s = 2,Λ = 1. (b) $ = s = 2, Q = 1.
(c) $ = −(s = 2),Λ = 1. (d) $ = −(s = 2), Q = 1.
(e) $ = s = −2,Λ = 1. (f) $ = s = −2, Q = 1.
(g) $ = −(s = −2),Λ = 1. (h) $ = −(s = −2), Q = 1.
Figure 5: Tunneling energy ELQGUP for $ = ±(s = ±2) bosonic massless fields.
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